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Abstract 

We consider a thin multidomain of R , N > 2, consisting of two vertical cylinders, 
one placed upon the other: the first one with given height and small cross section, 
the second one with small thickness and given cross section. In this multidomain we 
study the asymptotic behavior, when the volumes of the two cylinders vanish, of a 
Laplacian eigenvalue problem and of a L 2 -Hilbert orthonormal basis of eigenvectors. 
We derive the limit eigenvalue problem (which is well posed in the union of the limit 
domains, with respective dimension 1 and N — 1) and the limit basis. We discuss the 
limit models and we precise how these limits depend on the dimension N and on limit 
q of the ratio between the volumes of the two cylinders. 
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1 Introduction and main results 

For every n G N, let Q n C M. N , N > 2, be a thin multidomain consisting of two vertical 
cylinders, one placed upon the other: the first one with constant height 1 and small cross 
section r n u, the second one with small thickness h n and constant cross section u, where u 
is a bounded open connected set of IR^ -1 containing the origin 0' of R^ -1 and with smooth 
boundary, r n and h n are two small parameters converging to zero. Precisely, 



n n = (r n oox [0,l[)|J(u;x] - h n ,0[) 



(for instance, see Fig. 1 for N = 2 and Fig. 2 for N = 3). 
In Q n consider the following eigenvalue problem: 



-AU n = XU n in O n , 



U n = on r n = (r n uj x {1}) U (dux] - h n , 0[), ^ ^ 



du 



on dVL n \ T r 
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Figure 1: the thin multidomain for N = 2. 



▲ 




-h„ 



Figure 2: the thin multidomain for N = 3. 

where v denotes the exterior unit normal to fi n . Remark that r n u x {1} is the top of the 
upper cylinder, while dux] — h n ,0[ is the lateral surface of the second one. 

It is well known (for instance, see Th. 6.2-1 in [T^]) that, for every n G N, there exists an 
increasing diverging sequence of positive numbers {A nj fc}fc g N and a L 2 (f2 n )-Hilbert orthonor- 
mal basis {U nj k}k&, such that {A nj fc}fc g N forms the set of all the eigenvalues of Problem 
(jl.lj) and, for every k G N, U n ,k £ V„= {V G if 1 (fi n ) : V = on T n } is an eigenvector of 

fll-ip with eigenvalue X n k- Moreover, < X n 2 k U n k \ is a V n -Hilbert orthonormal basis, by 

I 'J keN 

equipping V n with the inner product: (U, V) E V n x V n — > / DUDVdx. 

Jn n 

The aim of this paper is to study the asymptotic behavior of the sequences {(A nj fc, t4,fc)}ngNj 
for every k G N, as n diverges. 

We derive the limit eigenvalue problem (which is well posed in the union of the limit 
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domains: ]0, 1[ and u, with respective dimension: 1 and N — 1) and the limit basis, and we 

precise how these limits depend on the dimension N and on limit q = lim " of the ratio 

between the volumes of the two cylinders. 

In the sequel, D stands for the gradient. Moreover, x = (xi, ■ ■ ■ ,xn-i,xn) = (x',xn) 
denotes the generic point of WL N , and D x > and D XN stand for the gradient with respect to 
the first N — 1 variables and for the derivative with respect to the last variable, respectively. 
Furthermore, if u depends only on one variable, u' and u" stand for the first and second 
derivative, respectively. 



If h r , 



JV-l 



, we obtain the following main result: 



Theorem 1.1. Assume that 



h 



lim ^T = 9 e]0,+oo[. 



n r. 



Then, there exists an increasing diverging sequence of positive numbers {\k}k&i such that 



n 

and {\k)k&n is the set of all the eigenvalues of the following problem: 

' - u a " = \u a m]0,l[, 

—Au b = \u b in u), 

u a (l) = 0, u a '(0) = 0, 

- on dcu, 



u 



if N > 3; of the following one: 



-u a " = \u a m]0, 1[, 
-u b " = \u b in ]c,0[, 
-u b " = \u b in ]0,d[, 
u a (l) = 0, 

u b (c) = 0, u b (d) = 0, 
u a (0) = m 6 (0), 

'(0) = q(u b '(0-)-u b \0 + )y 



\UJ\U 



(1-2) 



(1.3) 



(1.4) 



if N = 2 and uj =]c, d[. 
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There exists an increasing sequence of positive integer numbers {ni}.^ and a sequence 
-Ufc)}fceN C V (depending possibly on the selected subsequence {ni} ieN ), where 

V = {(v a ,v b ) G i? 1 (]0, 1[) x H\u) : v a (l) = 0, v b = on du , {and v a (0) = v b (0) if N = 2)} 

such that 



lim 


7 




«2 

C JV-1 




1 A„,wx]0,l[ 




r rii 



a 



al 



JV-1 
, 2 



0. 



;i.5) 









2 


lim 


7 


u ni,k i % 


+ 




i Jwx]-/i ns ,o[ 







-Du 



h l 



\d XN U nuk \ 2 dx = 0. 



;i.6) 



as % 



+oo, for every fceN, ond 



■u fc , M fc j is an 



eigenvector of Problem hl.ty if N > 3 
(Problem \1.4\) if N = 2) with eigenvalue X k 

Moreover, {u k }ken is a L 2 (]0, 1[) x L 2 {uj)-orthonormal basis with respect to the inner 

product: \oj\ / u a v a dxN + q / u b v b dx , and {\ k 2 Uk\k&i is a V-Hilbert orthonormal basis 

JO Juj 

with respect to the inner product: \oj\ / u a 'v a 'dxN + q I Du b Dv b dx' . 



Jo J 
If N > 3, consider the following problems: 

- M a " = in ]0, 1[ 



and 



w a (l) = 0, w a/ (0) = 0, 



-Am 6 = \ b u b in u, 



:i.t) 



m 6 = on 9a;. 

By denoting with {Ajj*}& e N the increasing sequence of all the eigenvalues of Problem (jl.7j) 
(i.e. { f 77 + kir) 1 , where N = N U {0}), and with {A^j-fc^ the increasing sequence of 
all the eigenvalues of Problem (jl.Sj) . it is easily seen that: 

{\ k :keN} = {\ a k :keN}U{\ b k :ke N}. 

As regards as the multiplicity, if A is an eigenvalue only of Problem ([1.7)1 . then it is a simple 
eigenvalue of Problem (jl.3|) with eigenvector (cos (| + kn) xn,0), for some k G N . If A 
is an eigenvalue only of Problem (|1.8|) with multiplicity s (and with linearly independent 
eigenvectors: w\, ■ ■ ■ , w b ), then it is an eigenvalue of Problem (|1.3|) with multiplicity s and 
with linearly independent eigenvectors: (0, w b ),--- , (0, w^). If A is an eigenvalue of both 
Problem ([1.8)) with multiplicity s (and with linearly independent eigenvectors: w\, ■ ■ ■ , w b ) 
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and Problem (jl.7jh then it is an eigenvalue of Problem ()1.3j) with multiplicity s + 1 and 
with linearly independent eigenvectors: (0, w\), • • • , (0,w;*), (cos (| + /ot) x^r, 0), for some 
k G N . Roughly speaking, the eigenvalues of Problem (jl.3j) are obtained by gathering the 
eigenvalues of Problem (jl.7j) and the eigenvalues of Problem (jl.Hj) . Moreover, each eigenvalue 
preserves its multiplicity if it is eigenvalue only of Problem fll.7j) or only of Problem (jl.Sj) : 
otherwise its multiplicity is obtained by adding the multiplicity as eigenvalue of Problem 
(II. 7|) and the multiplicity as eigenvalue of Problem (jl.Sj) . 

The limit q of the ratio between the volumes of the two cylinders does not intervene in the 
limit eigenvalue Problem (jl.Hj) . It appears in the othonormal conditions: 



\u\ [ u a h u a k dx N + q [ u b h u b k dx' = 8 h>k , Vh,keN, (1.9) 

JO Jw 

(Vl J o <u a k 'dx N + q J Du b h Du b k dx^j = 5 h>k , V/i, k e N, (1.10) 

where 5h,k is the Kronecker's delta. Moreover, it explicitly intervenes in the corrector result 
(ll.fcij) . and, by the previous othonormal conditions, also in the corrector result (jl.5j) . 

If TV = 2, q appears also in the limit eigenvalue Problem (jl.4j) . More precisely, if iV = 2, 
the limit problem in ]0, 1[ is coupled with the limit problem in uj by the junction conditions: 

u a (0) = u b (0) and \co\u a '(0) = q (u b \()-) - w 6 '(0 + )) . 

An easy computation shows that the eigenvalues of Problem (jl.4j) are given by the positive 
solutions of the following equation: 

\u\ sm(cV\) sm(d\/X) cos("\/A)— q sin(\/A) sm(d\/X) cos(c\/\)+q sin(\/A) sin(c\/A) cos(d\/\) = 0. 

For instance, if uj =] — 1, 1[, the set of the eigenvalues of Problem (jl.4j) is i (k-z) \ 

I ^ 2 / J ki 

and * s a simple eigenvalue if k is odd, it is an eigenvalue with multiplicity 2 if 

k is even. If uj —] — 1, 2[, the set of the eigenvalues of Problem (jl.4j) is {{kir) 2 } k N U 



ken 



± arccos I ± A / ^— ; — r | + 2kir 

Aq + 2\u\J 

117 ' ) fceN 

If /i n r^ _1 , we obtain the following result: 
Theorem 1.2. Assume that 

lim ^zi = 9 = 0. 

Then, there exists an increasing diverging sequence of positive numbers {Xk}k&n satisfying 
M.ty) . and {Xk}k^N is the set of all the eigenvalues of Problem M.ty) if N > 3, of the following 
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problem: 



' -u a " 


= \u a 


m]0,l[, 


b" 

—u 


= Xu b 


in ]c, 0[, 


b" 

— It 


= Xu b 


in ]0, d[, 


u a (l) 


= 0, 


u a, (0) = 0, 


k u\c) 


= 0, 


M fe (0) = 0, u\d) = 0, 



1.11) 



if N = 2 and a; =]c, d[. 

There exists an increasing sequence of positive integer numbers {ni}^ and a sequence 
{(ul,u b k )}keN C Vo (depending possibly on the selected subsequence {rii}^), where 

V = {(v a ,v b ) G i^QO, 1[) x ff 1 ^) : w a (l) = 0, = on du, (and v b (0) = if N = 2)} , 

satisfying il.ty and M.b}) with q — 1, and Uk = (u^, u b k ) is an eigenvector of Problem if 
N > 3 (Problem 111, lip if N = 2) with eigenvalue A&. 

Moreover, {uk}km is a L 2 (]0, 1[) x L 2 {uj)-orthonormal basis with respect to the inner 

product: \uo\ I u a v a dxN + / u b v b dx' , and {X k 2 Uk}km ^ s a V -Hilbert orthonormal basis 

JO Juj 

with respect to the inner product: M / u a 'v a 'dx N + / Du b Dv b dx'. 

J0 Jul 

If N > 3, one obtains the same result as in the previous case when q = 1 (see Theorem 



Pjl . 



If N = 2, consider the following problems: 



-u 



all 



\ a u a in ]0, 1[, 



u a (l) = 0, u a '(0) = 



-u b " = \ b u b in ]c,0[, 
u b (c) = 0, u b (0) = 0, 



—6'' 
-It 



A« b in]0,d[, 
u b (Q) = 0, w b (d) = 0. 



Then, with analogous considerations written when N >3 after Theorem ll.lt it results that 
the eigenvalues of Problem (jl.lljl are obtained by gathering the eigenvalues of these three 
problems, that is 



{A fc : A;GN} = |g + A;7r) 2 | 



U 



fceN 



kn 

c 



U 



ken 



kir 
~d 



fceN 



and d — 1, the set of the eigenvalues of Problem (|1.11|) is < (k—\ \ , and (k—\ 

l_ 2/ J fcgN V 2/ 

simple eigenvalue if k is odd, it is an eigenvalue with multiplicity 2 if k is even. If c = 
and d — 2, the set of the eigenvalues of Problem (jl.lljl is always j (k— 1 , but (V 
is a simple eigenvalue if is even, it is an eigenvalue with multiplicity 3 if k is odd. 

If r^ 1 <C h n we obtain the following partial result (the result is complete for N = 2) : 
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Theorem 1.3. Assume that 



and 



hm 



n r, 



AT-1 



q = +00, 



1.12) 



h n -r 2 n logr n , if N = 3; h n < r*, i/ N > 4. (1.13) 

Then, there exists an increasing diverging sequence of positive numbers {Xk}kem satisfying 
Al.ty) . and {Xk\k&i is the set of all the eigenvalues of Problem il.fy) if N > 3, of the following 
problem: 

-u a " = \u a in ]0, 1[, 



—u 



Xu h in to =]c, d[, 
u a (l) = 0, u a (0) = 0, 
k u\c) = 0, u b (d) = 0, 



;i.i4) 



ifN = 2. 

There exists an increasing sequence of positive integer numbers {ni}^ and a sequence 
i4)}fceN C Voo (depending possibly on the selected subsequence {ni} ieN ), where 



{{v a ,v b ) G ^QO, 1[) x H\u) : v a {l) = 0, n fe = on &j, (and v a (0) = if N = 2)} , 



satisfying il.fy) and M.b}) with q = 1, and Uk = (ul,u b k ) is an eigenvector of Problem il.fy) if 
N > 3 (Problem \l.lJj\) if N = 2) with eigenvalue 

Moreover, {uk}km is a L 2 (]0, 1[) x L 2 (uj)-orthonormal basis with respect to the inner 

product: \uj\ I u a v a dxN + / u b v b dx', and {X k 2 Uk}ken is a Voo-Hilbert orthonormal basis 

JO Jul 



with respect to the inner product: \uo\ 



u a 'v a 'dx N + / Du b Dv b dx'. 



If N > 3, assumption ()1.12|) and ()1.13j) reduce to 



rl < /i n < -r* logr n , if A^ = 3: 



n 



< /i n < 7^, if AT > 4. 



If Af > 3, one obtains the same result as in the previous cases when q = 1 or q = (see 
Theorem 1 1 . 1 1 and Theorem 1 1.2|) . 

If A" = 2, by considering the following problems: 



— u 



a" 



X a u a in ]0,1[, 



-u 



'" = X b u b in uj =]c, d[, 



u a {l) = 0, n a (0) = 0, 



u b (c) = 0, u b {d) = 0, 



it is possible to repeat similarly the analysis written when A^ > 3 after Theorem 11.11 Then, 
the eigenvalues of Problem (|1.14j) are obtained by gathering the eigenvalues of these two last 
problems, that is 



{X k : keN} = {(kn) 2 } keN U^ 



d 



ken 



and the multiplicity of each eigenvalue is 1 or 2. For instance, if ]c, d[=] — 1, 1[, then the 
set of all the eigenvalues of Problem (jl.l4j) is | (k— j | , and (k—^j is a simple eigen- 



fceN 

value if k is odd, it is an eigenvalue with multiplicity 2 if A; is even. If }c,d[ 

\2 



1 1 

~2' 2 

then the set of all the eigenvalues of Problem (jl.l4j) is {(A;7r) 2 } and each eigenvalue has 



fceN 

multiplicity 2. If ]c, d[= — t^t^ > then the set of all the eigenvalues of Problem (|1.14j) is 
{1, 4, 9, it 2 , 16, 25, 36, 47r 2 , 49, 64, 81, 97r 2 , • • • } and each eigenvalue has multiplicity 1. 
In summarizing: 

• the limit eigenvalue problem reduces to a problem in ]0, 1[ and a problem in uj (recall 
that uj has dimension dimension N — 1) . 

• if AT = 2, the limit eigenvalue problem depends on q and it is coupled if q g]0, +oo[, 
uncoupled if q = or q = +oo. Also the limit eigenvector basis (and the orthonormal limit 
conditions) depends on q. 

• If AT > 3 the limit eigenvalue problem is independent of q and it is uncoupled (at least 
in the considered cases, i.e. for h n -C — r\ logr n , if A^ = 3; for h n <C r 2 , if A^ > 4). The limit 
eigenvector basis (and the orthonormal limit conditions) depend on q. The orthonormal 
limit conditions coincide for q G {0, 1, +oo}. 

• If the limit eigenvalue problem is uncoupled (that is when N = 2 and q G {0,+oo}, or 
when N > 3), the limit eigenvalues are obtained by gathering the eigenvalues of a Laplace 
problem in ]0, 1[ and the eigenvalues of one or two Laplace problems in a domain of dimension 
N — 1 and by " adding the multiplicities" . 

Remark that, in all the previous theorems, by virtue of (jl.2|) . the multiplicity of X n ,k, for 
n large enough, is less or equal than the multiplicity of A^. Consequently, if A^ is simple, also 
A n> fc is simple, for n large enough. Then, by arguing as in (TB] (see also jl|), if A& is simple, 
by fixing one of the two normalized eigenvectors Uk of the limit problem with eigenvalue A^, 
it is possible to choose, for n large enough, one of the two normalized eigenvectors U n ^ G V n 
of Problem (jl.lj) with eigenvalue X nt k such that convergences ()1.5|) and (jl.6|) hold true for 
the whole sequence. 

Point out that it is not necessary that the two cylinders are scaled to the same one or that 
the first cylinder has height 1. In fact, the results do not essentially change if one assumes 
Q n = (r n uj a x [0, l[) |J (u b x] - h n , 0[), with 0' G u a C u b and / G]0, +oo[. 

In Section El after having reformulated the problem on a fixed domain through appro- 
priate rescalings of the kind proposed by P.G. Ciarlet and P. Destuynder in [3], and having 
introduced suitable weighted inner products, by using the min-max Principle we obtain a 
priori estimates (with respect to n) for the sequences {A nj fc}fc e N (see Proposition 12. 1|) . Then, 
by making use of the method of oscillating test functions, introduced by L. Tartar in jl7j, 
by applying some results obtained by A. Gaudiello, B. Gustafsson, C. Lefter and J. Mossino 
in [H] and [7j and by adapting the techniques used by M. Vanninathan in [TH], we derive 
the limit eigenvalue problem and the limit of the rescaled basis, as n — > +oo, in the case 
h n ~ r^" 1 (see Theorem 12.51 and the proof of Theorem 11.11 at the end of Section |2J). The 
cases h n <C r^" 1 and r^ 1 <^ h n are sketched in Section El and Section HI respectively. 

For the study of thin multi-structures we refer to [2], 0, jl], [H], [12], [EI] [Uj and the 
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references quoted therein. For a thin multi-structure as considered in this paper, we refer 
to j^j, 0, [Zj, |H], an d |TU] . For the study of the spectrum of the Laplace operator in a 
thin tube with a Dirichlet condition on its boundary we refer to pQ. For the study of the 
homogenization of the spectrum of the Laplace operator in a periodic perforated domain 
with different boundary conditions on the holes we refer to [TKj . 



2 The case lim " = q e]0, +oc[ 



n 

b 



In the sequel, Vt a = wx]0,l[, fi = wx] — 1,0[, and {^ n } nG N an d {^n} n6 ^ c ]0> 1[ are two 
sequences such that 

lim/z. n = = limr n . (2-1) 

n n 

For every neN, let H n be the space L 2 (f2 a ) x L 2 (Q b ) equipped with the inner product: 
(-,-)n : = ((u a ,u b ),(v a ,v h )) G (L 2 (fi a ) x L 2 (n b )) x (L 2 (fi a ) x L 2 (fi 6 )) — > 



(«, u)„ = / u a v a dx + — / u b v b dx, 

n 



(2.2) 



and let be the space: 

{ w = (v a ,v 6 ) g F 1 ^ ) x F 1 ^ 6 ) : / = 0onwx {1}, 

v b = on dux] - 1, 0[, tf a (a/, 0) = v b (r n x', 0) for a/ a.e. in u] 
equipped with the inner product: 

a n : (u,v) = ((u a ,u b ),(v a ,v b )) G V n x V n — ► a n (u,v) = 

\D x ,u a D x ,v a + d XN u a d XN v a dx + / D x ,u b D x ,v b + ^-d XN u% N v b dx. 



(2.3) 



(2.4) 



The choice of H n and V n will be justified in the proof of Theorem 11.11 at the end of this 
section. Now, remark that the norm induced on V n by the inner product a n (-, •) is equivalent 
to the (^H 1 (Q a ) x H 1 (Q b )^-norm, and the norm induced on H n by the inner product (•, •)„ is 
equivalent to the (L 2 (VL a ) x L 2 (0 6 ))-norm. Consequently, V n is continuously and compactly 
embedded into H n . Moreover, since C^(Q a ) x C^(Q b ) C V n , it results that V n is dense in 
H n . Then, (for instance, see Th. 6.2-1 and Th. 6.2-2 in J3]) for every n G N, there exists an 
increasing diverging sequence of positive numbers {A nj fc}fc 6 N and a if ra -Hilbert orthonormal 
basis {"Un.fcjfceN, such that {A n; fc}fc 6 N forms the set of all the eigenvalues of the following 
problem: 

(2.5) 

a n (u n , v) = X(u n , v) n , W G V n , 
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and, for every k G N, u n> k G K, is an eigenvector of ()2.5|) with eigenvalue X n ^- Moreover, 

{ A„ iit n fc r is a V^-Hilbert orthonormal basis. Furthermore, for every k G N, A n f. is 
I ' ' J fceN 

characterized by the following min-max Principle: 

\ • a n (v,v) 

\ n k= mm max — - — , (2.o) 

e k eF k ve£ k , v^o (v,v) n 

where jF fc is the set of the subspaces of V n with dimension fc. 

The min-max Principle provides the following a priori estimates for the eigenvalues of 
Problem (jTKjl : 

Proposition 2.1. For even/ n, k G N, Zet A n .fc be as above. Then, it results that 

< X n ,k < 2 k k\ 2 , Vn, keN. (2.7) 

Proof. It is well known that {j 2 ^ 2 }j e ^ is the sequence of the eigenvalues of the following 
problem: 

' -y"(t) = Xy(t) in ]0,1[, 

{21 

1/(1) = = 1/(0), 

and {\/2 sin(j7ri) }jeN is a L 2 (]0, 1[)-Hilbert orthonormal basis such that, for every j G N, 
y/2 sm(jTrt) is an eigenvector of ()2.8|) with eigenvalue j 2 vr 2 . 



For every j G N, set 



Vj{x N ) = \/2sin(jirx N ), if (x',x N ) G fT, 
0, if (x',x N ) G ft 6 . 



Fix k G N and set = I ajCj : • ■ ■ > «fc G K >. Then, for every n e N, Z fc is a 
subspace of of dimension k. Consequently, by applying the min-max Principle (|2.fij) . it 
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results that: 



K,k < max 



On (CO 



^Z k -{0} (C,C)n (ai, 



max 





k 


2 


/' 




dt 


Jo 


3=1 






k 


2 


/ 






</ 


3=1 





< 



max 

(a u -,a k )m k -{0} 



E 

j'=i 

it 



max - 

(ai,-,a fc )6R fc -{0} 



< 



a : 



E 



2 fc fc 2 vr 2 ^a 2 



max 

(ai,-,a fe )eK fe -{0} 



2 k k 2 ii 2 , Mn G N. 



E 

j'=i 



O: 



□ 



Remark 2.2. examining the previous proof, it is evident that estimate \2. 7| ) holds 
again true, if one replaces (-,•)« anda n (-,-) with c n (- , •)„ and c n a n (- , ■) , respectively, where 
{c n } neN C]0,+oo[. 

By using a diagonal argument, the following result is an immediate consequence of Propo- 
sition 12.11 

Corollary 2.3. For every n,k G N, let A W) & be as above. Then, there exists an increas- 
ing sequence of positive integer numbers {nj} i6N and an increasing sequence of no negative 
numbers {\k}k&$, su °h that 

limA nijfe = A fc , Wk G N. 

i 

Remark 2.4. In the sequel it will be shown that {\k}ke.n is a sequence of positive numbers 
and the convergence holds true for the whole sequence {\ n ,k\n&i- 



To characterize the sequence {AfcjfceN, consider the following limit: 



lim 



h. 



n r 



N- 



T = ?> 



which exists always for a subsequence. If 

q G]0, +oo[ 



(2.9) 



(2.10) 
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in the space: 

H={v = (v a , v b ) G L 2 (n a )xL 2 (n b ) : v a is indepenendent of x' , v b is indep. of x N } (2.11) 
introduce the inner product: 

[-, : (u, v) = {{u a , u b ), {v a , v b ))eHxH — ► \u\ [ u a v a dx N + q [ u b v b dx', (2.12) 

JO Jul 

and in the space: 

v = (v a ,v b ) G H 1 ^) x H\n b ) : 



V = < 



v a is independent of x', v b is independent of a; at, 
v a (\) = 0, v b = on du, 

v a (0) =^(0')}, 

| w = (u a ,<u 6 ) g F 1 ^ ) X tf 1 ^ 6 ) : 

v a is independent of a;', v b is independent of x^, 



if N = 2, 



if 3 < iV 



v a (l) = 0, = on <9cj 

introduce the inner product: 

a q : (u, v) = ((u a , u b ), (v a , v b )) G V x V — > a q (u, v) 

\uo\ I d XN u a d XN v a dxN + q / D x >u b D x iv b dx' . 

JO Juj 



(2.13) 



(2.14) 



Remark that the norm induced on V by the inner product a q (-,-) is equivalent to the 
(/f 1 (]0, 1[) x if 1 (c<j))-norm, and the norm induced on H by the inner product [•, -} q is equiv- 
alent to the (L 2 (]0, 1[) x L 2 (a;))-norm. Consequently, V is continuously and compactly em- 
bedded into H. Moreover, since C£°(]0,1[) x C °°(u;) C V if N > 3 (Cg°(]0,l[) x {t> G 
Co°(ti;) : f (0) = 0} C V if iV = 2), it results that V" is dense in H. Then, one can consider 
the following eigenvalue problem: 



u G V, 

a q (u, v ) = X[u, v] q , Vv G V, 

for which all the classic results hold true (see Th. 6.2-1 and 6.2-2 in [To]). 
The main result of this paper is the following one: 



(2.15) 



12 



Theorem 2.5. For every n G N, let {\ n ,k]km be an increasing diverging sequence of all 
the eigenvalues of Problem A2.2)) -^- l[2~l)\) . and {u n . k } ke ?q be a H n -Hilbert orthonormal basis 

such that < A iu n k \ is a V n -Hilbert orthonormal basis and, for every k <EN, u nk is an 

eigenvector of Problem i2.2\) -ir ^2~5\) with eigenvalue \ n , k . Assume \2.1\) . \2.9i) and \2.1Cty . 

Then, there exists an increasing diverging sequence of positive numbers {\k\km such that 

limA ni fc = A fc , \/k G N, 

n 

and {AfcjfceN is the set of all the eigenvalues of Problem \2.11)) j: r \2.1b^) . Moreover, there 
exists an increasing sequence of positive integer numbers {nj} igN and a (H,[-, ■} g )-Hilbert 
orthonormal basis {u k } ke ^ (depending possibly on the selected subsequence {ni} ieN ) such 
that, for every k G N, u k G V is an eigenvector of Problem i2.11]) J ^ \2.15}) with eigenvalue 
X k , and 

u nuk -> u k strongly in H\tt a ) x H\Q b ), Mk G N, (2.16) 



as i — > +00, 



—D x ,u a n k -> 0' strongly in (L 2 (tt a )) N ~ 1 , VA; G N, (2.17) 



1 

h„ 



d XN K k -> strongly in L\Vt b ), Vfc G N, (2.18) 



as n 



+00. Furthermore, {X k 2 u k } k ^ is a (V,a q )-Hilbert orthonormal basis. 



Proof. The proof will be performed in three steps. 
Step 1. This step is devoted to derive the limit eigenvalue problem. 
It results that 

^•n,k ^ Vni 

Vn, k eN, (2.19) 

a n (u n ,k, V) = X n ,k{u n ,k, V) n , G V n , 

{u n ,k, u n ,h)n = &h,k, Vn, k, h, G N, (2.20) 

where 

<W = 



1, if h = k, 
0, ifh^ k. 



(2.21) 



By choosing v = u n>k in ([2. 19)1 . and by taking into account ()2.20|) and Proposition 12.11 it 
follows that 



a n (u n ,k, «n,fc) = \ n , k (u n , k , U nik ) n = A^fc < 2 k 7T , Vn, k G N. 

Consequently, by virtue of definition ()2.4j) of a n and of assumptions (j2.1|) . ()2.9|) and (|2.10j) . by 
applying Proposition 2.1 in [Hj (which permits to obtain the junction condition when N = 2) 
and by using a diagonal argument, it is easily seen that there exists an increasing sequence 
of positive integer numbers {ni}^, an increasing sequence of no negative numbers {Afc}fc £ N 
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and a sequence {«fc} fceN C V (depending possibly on the selected subsequence {ni}i e ^) such 
that 

\im\ ni:k = X k , V£;GN, (2.22) 



u k weakly in H\tt a ) x H\Q b ) and strongly in L 2 {Q a ) x L 2 {Q b ), \/k G N, (2.23) 



as z — > +00. 

By passing to the limit in (j2.19j) and ()2.2()j1 . as rij — > +00, by making use of (|2.9jl . (|2.1()jl . 
(12.22}) , ()2.23|) , and by applying the Dirichlet version of Theorem 1.1 in [7j (see also Remark 
1.4 in jZj), with / = X k u k , it turns out that (|2~TB |) -^ (j2~T%]l hold true and 



Vfc G N, 



u k G V, 

ttg(^fc, V) = X k [u k , V) q , Wv G V, 

[u k ,u h ) q = 5 hjk , Vk,heN. 
In particular, ()2.24j) and (|2.25jl provide that 

_JL _1 

a q (X k 2 u k , X h 2 u h ) = 5 h)k , Vk,heN, 
Hence, {Afc}fc S N is a sequence of positive numbers. Moreover, remark that 



(2.24) 



(2.25) 



lim Ai 



+00. 



(2.26) 



In fact, or ()2.26j) holds true, or {Afc}fc £ N is a finite set. In the second case, by virtue of ()2.25|) . 
Problem (J2.24j) would admit an eigenvalue of infinite multiplicity. But this is not possible, 
due to the Fredholm's alternative Theorem. 

Step 2. This step is devoted to prove that there not exist (it, A) G V x R satisfying the 
following problem: 



f u G V, 

a q (u, v) = X[u, v] q , Vf G V, 



(2.27) 



\u, u k \ 



[U, U\ q 



0, VA; G N 



To this aim, the proof of Theorem 9.2 in ^H] (see also j3]) will be adapted to our case. 

By arguing by contradiction, assume that there exists (u, A) G V x R satisfying Problem 
(|2~27j) . 

First, remark that ()2.2(i|) provides the existence of k G N such that 



A < At 



(2.28) 
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For every neN, let ip n be the solution of the following problem: 

(2.29) 

a n (<f n , v) = X(u, v) n , Mv G V n . 

Then, the Dirichlet version of Theorem 1.1 in [7] (see also Remark 1.4 in [7j), with / = Xu, 
entails the existence of (p G V such that 

<p n -± if weakly in H\Q a ) x H\Q b ) and strongly in L 2 (Q a ) x L 2 (Q b ), (2.30) 

asn^ +oo, and 

' <peV, 

(2.31) 

at q ((p, v) = X[u, v] q , Mv G V. 
By comparing ()2.27|) with ()2.31|) and by virtue of the uniqueness of (p, it turns out that 

(p = u. (2.32) 

For every n£N, set 

k 
i=l 

Then, by virtue of ()2.20|) . it results that 

k 

(v nj U n k) n (Vn> Un.k)n ^ ^ (V^"? ^n,i)n(^n,ij ^n,fc)ra (Vn> ^n,fc)n i}Pm ^n,fc)n 0, 



i=l 



V/c G {1, • • • , Vn G N. 

Consequently, by recalling that {A^i-Un^} is a V^-Hilbert orthonormal basis, that u n k 
solves Problem ()2.19|) . that {A ni fe}fe £ N is an increasing sequence and that {u n ,k\k&i is a H n - 



Hilbert orthonormal basis, it follows that 

+oo +oo 

On(Un S V n ) = ^ |an(A~]M„,fc,W„)| 2 = ^ K^Aki^k, ^nfn = 
fc=l fc=l 

(2.33) 

+oo +oo 

X n , k (u n ,k,v n ) 2 n > X n £ +1 Y (u n , k ,v n ) 2 n = X nI+1 (v n , v n ) n , Vn G N. 

k=k+l k=k+l 

In what concerns the first term in (j2.33J) . 

k=l j=l 
k k 

m Un,k)niSPni 'U>n t j)'nQ"n\Uin,ki Un. j), Vn G N. 

k=l k,j=l 
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from which, by virtue of (j2~27H) . (gUP and (j2~27H) . it follows that 

k k 



a n [v ni v n ) 



X(U, ip n ) n - 2A ^(<£n, Un,k)n(u, Mn,fc)n + (</?n, Wn,fc)n(y?n, U n j) n \ n , k (u nt k, M n ,j)r 



fc=l fcj=l 



A(M, V2 n )n - 2A ^(<£n, W n ,fc)n(«, «n,i)n + ^(y?n, Un,k)lK,k, VVl G N. 
fc=l fc=l 

Consequently, by virtue of (Q, (j2~T71jl . (jZHl , (jUED , and fl22ZJ, it results 

that 

lim a^n^nj = A[m,m] 9 - 2A^[w,M fc ]g + ^[M,M fe ]gA fe = A. (2.34) 
% k=i k=i 

In what concerns the last term in 1)2.33)1 . equalities (J2.20)) provide that 

k k 

iPni Vn)n (ty-'n ^ ^j ^SPni V>n,k)n'U'n,kj ^ ^ (V-^n, ^"n.,j) n^"n,j) n 

fc=l i=l 



fc=l fc,jr = l 



3/n 



(<£n, V?n)n - 2 ^J(<^n, «n,fc)^ + ^(y?n, «n,fc)ra> = (y?n, V?n)n ~ ^(y?n, Un,k)l, VVl G N. 
k=l k=l k=l 

Consequently, by virtue of (Q, d2H|, (1231, (EHEJ), (1223), it results that 



lim(f m , v ni ) n . = [u, u) q - ^[u, u k f q = 1. (2.35) 



k=l 



Finally, by passing to the limit in ()2.33)) as rii —>■ +oo, convergences ()2.34|) . ()2.22)) and 
(|2~35)) entail that 

A> A*, 

which is in contradiction with ()2.28|) . Hence, Problem ()2.27|) does not admit solution. 
Step 3. Conclusion. 

In Step 1, it is proved that {Afc}fc £ N c]0, +oo[ is an increasing and diverging sequence of 

_x 

eigenvalues of Problem ()2.24)) . {«fc}fceN is an orthonormal sequence in (if, [•, -] q ), {A fc 2 u k }keN 
is an orthonormal sequence in (V, a q ), and, for every k G N, u k is an eigenvector for Problem 
()2.24)) . with eigenvalue A&. 

Indeed, the sequence {Afc}fc g N forms the whole set of the eigenvalues of Problem ()2.24j) . 
In fact, if A ^ {AfcjfceN is another eigenvalue of Problem 1)2.24)1 and u G V is a corresponding 
eigenvector (which can be assumed if-normalized) , it results that 

A[m, u k ]q = a q (u,u k ) = a q (u kl u) = \ k [u k ,u] q , VA; G N, 
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that is 

[u,u k } q = 0, Vk G N, 
which is in contradiction with the statement of Step 2. 

_i 

It remains to prove that the set of the finite combinations of elements of {X k 2 u k }km is 
dense in (V, a q ), which provides that the set of the finite combinations of elements of {uk}ken 
is dense in (if, [•, -] q ), since V is continuously embedded into H, with dense inclusion. 

It is well known that (V,a q ) has a Hilbert orthonormal basis of eigenvectors of Problem 
(I2.15|) (for instance, see Th. 6.2-1 in [15] )• Consequently, by denoting with {/ij}i e N the 
sequence of all different eigenvalues of Problem ()2.15|) (i.e. /ij 7^ fij for i 7^ j) and with 
{E'iligN the sequence of the spaces of the associated eigenvectors, it results that the vectorial 
space generated by {Ei}^ is dense in (V, a q ). Recall that, for every i G PJ, Ei has finite 
dimension and Ei is orthogonal to Ej (with respect to a q ) if i 7^ j. Then, to conclude it 

is enough to show that, for every i G N, an orthonormal basis (with respect to a q ) of Ei is 

_ 1 

included in {X k 2 Uk}kem- This last property will be proved by arguing by contradiction. If 

_ _ 1 

it is not true, there exist i G N and u G Ej such that a q {^ 2 u, Uk) = for every k G N, and 

— - — - _ — 

a q (fij 2 u,fij 2 u) = 1. That is u is an eigenvector of Problem (|2.15|) . with eigenvalue /ij, such 

that \u, Uk] q = for every k G N, and \u, u] q = 1, in contradiction with the statement of Step 
2. 

In conclusion, since the sequence {A^jfcgN can be characterized by the min-max Principle 
(for instance, see Th. 6.2-2 in |15j). for every k G N, convergence (|2.22j) holds true for the 
whole sequence {A n)/ fc} ng N- □ 

Proof of Theorem \l.l\ As it is usual (see [3J, Problem (jl.lj) can be reformulated on a 
fixed domain through an appropriate rescaling which maps Q n into Q = ux] — l,l[. Namely, 
by setting 

{u^ k (x',x 3 ) = Un tk (r n x',x 3 ), (x',x 3 ) a.e. in Q a = wx]0,l[, 
Vn, fc£N, 
u b nik (x',x 3 ) = U n:k (x',h n x 3 ), (x',x 3 ) a.e. in Vl b = ux] - 1, 0[, 

it results that, for every n G N, {A Wi fc}fc e N forms the set of all the eigenvalues of Problem 

iV-l 

()2.5|) . u n .k = r n 2 u n> k G V n is an eigenvector of ()2.5|) with eigenvalue X n> k, {u n , k }keN is a 

if n -Hilbert orthonormal basis and < A„ iu n k\ is a V„-Hilbert orthonormal basis, where 

I ' 'J ken 

V n and H n are defined at the beginning of this section. Then, Theorem 11.11 is an immediate 
consequence of Theorem 12.51 □ 

3 The case lim = 

n r^—i 
' n 

For every n, k G N, let \ n)k be as in Section [21 The aim of this section is to investigate the 
limit behavior, as n — > +00, of {A n> fc} n6 N, under the assumption: 
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Let H be the space H given in (|2.11|) equipped with the inner product [•, -]i defined by 
(I27T2J) with q = 1. Moreover, let 



jt> 6 G H 1 ^) : v b is independent of Xjy, v b = on du, 
v b (0') = 



Vr 



UN 



Ob 



(3.2) 



G H 1 ^) : is independent of Xat, v b = on <9cj j, if 3 < A 7 

equipped with the Hq (cj)-norm, and Vo be the space 

V = {v a G H 1 ^ 11 ) : w a is independent of x', v a (l) = 0} x Vb 6 (3.3) 

equipped with the inner product a\ defined by (|2.14jl with q — 1. Remark that Vo is 
continuously and compactly embedded into H , with dense inclusion. 
Let 

V ob = L b G Wo'°°{u) :v b = 0m& neighbourhood of 0'}, (3.4) 
then the following density result holds true: 



Proposition 3.1. Vob is dense in Vc 



06- 



Proof. We sketch the proof. 

The density result is obvious if N = 2. 

Assume N > 2 and let {£n}neN C E, {?7n}neN C K and {<^ n }neN C C^IR^ -1 ) three 
sequences such that, for every n G N, < e n < r\ n < dist(0', du), <p n = 1 in {x' G M^ -1 : 
k'l < £ n }, ¥n = inM^ 1 -^' G M^ 1 : < rj n }, {^„} neN C ^(-{V G M^ 1 : e n < \x'\ < 

Vn}), < (f n < 1, and lim?7 n = = lim / \D(p n \ 2 dx' (for the existence of 

n n i{x'eM JV - 1 :e„<|x'|< ?? „} 

such sequences, see Proposition 3.1 in [H]). 

Since C 3O (a;) is dense in Vo&, it is enough to prove that V b is dense in Cq°(uj) with 
respect to the /fg(w)-norm. For t> G C™(u), set t> n = (1 — y5 n )v G Vo& for every n G N. Since 
u = ip n v + (1 — <f n ) v for every n G N, and 

lim / |£>(w/? n )| 2 dx' < 
n / 

\\v Hv^i.oo^) lim I meas{a/ G M^ -1 : \x'\ < r] n ] + / \Dip n \ 2 dx' ] = 0, 

it follows that v n —> v strongly in Hq(uj). □ 
Consider the eigenvalue problem: 

u G Vo, 



a\(u, v ) = \[u, v]i, Vf G V , 
then, if ()3.1|) holds true, the following convergence result yields: 



(3.5) 
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Theorem 3.2. For every n G N, let {\ n ,k]km be an increasing diverging sequence of all 
the eigenvalues of Problem H2.!^) -r- ^~h^) . and {u n ,k}keN be a Hilbert orthonormal basis for the 



JV-l 



space H n equipped with the inner product: -y 



h, 



i; such that < A lu 



i 



n,k U n,k 
N-l 



orthonormal basis for the space V n equipped with the inner product 



n 



-a 



n\ i 



is a Hilbert 

ken 

) and, for every 



k G N, u n> k is an eigenvector of Problem rt^.i^ -^/ TOj) with eigenvalue \ n ,k- Assume \2.1\) 
and / TO)) . ' 

Then, there exists an increasing diverging sequence of positive numbers {\k\ken such that 

limA n)fc = A fc , Vfc G N, 



and {A^jfceN is the set of all the eigenvalues of Problem \3. ty) . \3. ty) . \3. 5}) . Moreover, there 
exists an increasing sequence of positive integer numbers {ni}^ and an Ho-Hilbert orthonor- 
mal basis {uk = (M^,M^.)}fc g N (depending possibly on the selected subsequence {ni}^) such 
that, for every k G N, u k G V is an eigenvector of Problem \3. fy) . \3. 3\) . \3. 5)) . with eigen- 
value \ k , and 



N-l 
, 2 

m jj a 

1 u ni,k 



h 2 

as i — ► +oo ; 



u a k strongly in H\n a ), u b k 



u b k , strongly in H\n b ), Vk G N, (3.6) 



Af-l 

1 r 2 



—D x ,u^ k -> 0' strongly in (L 2 (Q a )) N ~ 



ion 

1 



Wk G N, 



d XN u b nk — > strongly in L 2 (Vt b ^ 



(3.7) 



as n — > +oo. Furthermore, {\ k 2 u k }k& is a Vo-Hilbert orthonormal basis. 
Proof. We sketch the proof. 



JV-1 



By multiplying (|2.5jl by — , it results that 

K 

Un,k G ^rn 



jV-1 



Vn, fcGN. 



(3.8) 



Moreover, since {M n ,fc}fceN is a Hilbert orthonormal basis for the space H n equipped with the 

„N-\ 



inner product 



/?..„ 



)„,, one has that 



JV-1 



K. 



{U n ,k, Un,h)n = $h,k, Vn, k, fl, G N, 



(3.9) 
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where 5h,k is defined in (I2.21|) 

By choosing v = u n) k in ()3.8p . and by taking into account (|3.9j) . Proposition 12.11 and 
Remark |2. 2) it follows that 

r N-i r N-i 

-T On(Mn,fc,Mn,fc) = A n , fe ^ («n,fc, «n,fe)n = A n>fc < 2 fc A: 2 7T 2 , VVl, fc 6 N. 

Consequently, by virtue of definition ()2.4j) of a n and of assumption (|2.1)l . and by using 
a diagonal argument, it is easily seen that there exists an increasing sequence of positive 
integer numbers {ni} ie ?q, an increasing sequence of no negative numbers {Afc}fc £ N, a sequence 
[uk = ( M fc, M fc)} fcgN C -ff 1 (fi a ) x (depending possibly on the selected subsequence 

{^i}ieN) ? with independent of x', u\ independent of xn, u k {l) = 0, w| = on du, 
and a sequence £fc)} fc6N C (L 2 (r2 a )) iV ~ 1 x L 2 (Q b ) (depending possibly on the selected 
subsequence {rij} igN ) such that 

limA n . )fe = X k , VkeN, (3.10) 



/ JV-l 

^V<, k -± u a k weakly in H\VL a ) and strongly in L 2 (fi a ), 

^ VA;GN, (3.11) 

k ^m,k u k weakly in H 1 ^) and strongly in L 2 {Vt b ), 



f JV-l 

r n , 2 1 



/,2 r n 



D x < t , k ^ a weakly in {L\W)) 



Vk e N, 



T-dxN u ni,k C weakly in L 2 (O fe ' 



as z — > +oo. 



To obtain u k G Vq, for every /c G N, it remains to prove that 



4(0') = 0, Vfc G N, if JV = 2. 



Indeed, statement (2.4) in [S| (which holds true also if q = 0!) gets 

lim / if k (r n .x', 0)dx' = \(j\u b k (0'), \/k G N, if JV = 2. 



(3.12) 



(3.13) 



(3.14) 



Then, by combining 1)3.14)1 with the first line in ()3.11j) . and by taking into account that 
u n- k( x 'j 0) = u n- k( r n t x ', 0) for x' a.e. in u and (|3.ip . one obtains that 

M^(O') = lim / < jfe (r ni x',0)dx' = lim f u a na (x',0)dx' = 

1 Jul 1 Jul 

-^V / ^V<. fc (o/, 0)dx' ) =0\u\u%(0) = 0, VA; G N, if JV = 2, 
r ni 2 J - hi " / 
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that is (J2H3J). 

{0 in Q a ~ 
U 111. u ' 

and by making use of (j3.1()j) and of the second line of ()3.11)) . it turns out that 



D x ,u b k D x ,v b dx = X k u b k v b dx', Wv b G V ob , Wk G N, 

J U) 

and, consequently, by virtue of Proposition 13.11 

f D x ,u b k D x ,v b dx' = \ k f u b k v b dx', Wv b G V ob , Wk G N. (3.15) 
On the other hand, by passing to the limit, as rii — > +oo, in 



iV-l JV-1 
9 9 



— an(u n: k,v) = K,k — — {u n> k,v) n , Wv G V n , Wk G N, 



hn h 



2 



with v = i V J b ™ J' and w a G i^^jO, 1[), v a (l) = 0, v b e C£{u), v b = v a (0) in a 
neighbourhood of 0', and by making use of f)3. lUj) and of (|3.11j) . it turns out that 



UJ 



[ d XN u a k d XN v a dx N = X k \uj\ [ u a k v a dx N , Wv a G H x Q0, 1[) : v a (l) = 0, Wk e N. (3.16) 
Jo Jo 



By adding ()3.15j) to (|3.1fij) . one obtains that 

VA; G N. (3.17) 

ai(u k ,v) = Xk[uk,v] h Wv G Vo, 

Finally, by passing to the limit, as rij — > +oo, in (|3.9|) . and by making use of (J3.ll)) and 
(13.17)1 . it turns out that 

_i _ i 

ai(\ k 2 u k ,\ h 2 u h ) = [u k ,u h ]i = VMgN. (3.18) 

Moreover, by arguing as in the proof of Theorem 12.51 one proves that 

limAfc = +oo. 

k 

Now, let us identify and ££. By choosing t> = as test function in (J3.8)) . by replacing 
n with rij, by passing to the liminf as i diverges, by taking into account of ()3.10|) . ()3.11j) . 
(13.12)1 and (J3.18)) . and by using a l.s.c. argument it results that 



/ \tt\ 2 + \d XN u a k \ 2 dx+ [ \D x ,u b k \ 2 + \e k \ 2 dx< [ \d XN u a k \ 2 dx+ [ \D x ,u b k \ 2 dx, Wk G 
Jn a Jn b Jn a Jn b 

which provides that 



C k = 0, & = 0, VfcGN. (3.19) 
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The strong convergences in ()3.6|) and ()3.7|) follows from (j3.11J) . f)3.12j) . (|3.19|) and from 
the convergence of the energies: 



lim — 



h. 



lim A 



A fc = aAu k ,u k ), V/c G N. 



(3.20) 



As in Step 2 of the proof of Theorem 12 .51 by arguing by contradiction, one can show that 
there not exist (U, A) G Vq x R satisfying the following problem: 



Q!i(u, f ) = A [it, f]i, Vf G Vo, 
[u J u k } 1 = 0, \/keN 
k [m,U]i = 1. 



(3.21) 



Precisely, assume that there exists (u, A) G V x R satisfying ()3.21|) . Let /c G N be such that 

A < A ¥ , 

and, for every n6N, let <£> n be the solution of the following problem: 

<Pn G V n , 



a n {<fn,v) = A 



where u = (u a , u ). Then, it is easy to prove that 



-^Ify I ,v I , G V n , 



JV-l 
, 2 



as n 



-V^n «° weakly in H\n a ), <p b n ->> if weakly in H\n b ) 
hi 

-oo. Moreover, for every n G N, set 

(Pn / , 7 yPn, U n ^i) n U n ^ G V^. 



i=l 



Then, by proceeding as in the proof of Step 2 of Theorem 12.51 but by taking care to replace 



jJV-l jJV-l 

•)„ with — (•, -) n and a n (-, ■) with — a n (-, ■), one reaches a contradiction. 

n 

To complete the proof, one can argue as Step 3 of the proof of Theorem 12.51 



□ 



Remark 3.3. For every n G N, let {X n ,k\ken be an increasing diverging sequence of all the 
eigenvalues of Problem 112.2)) -^ IUTd°\) . and {u n . k } ke ?q be a Hilbert orthonormal basis for the 



space H n , such that < A„ iu nk \ is a Hilbert orthonormal basis for the space V n , and, for 
I ' ' J fceN 

every fcGN, u n)k is an eigenvector of \2. 5}) with eigenvalue X n>k . 
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1 

hn 

By setting u n ,k — N -x u Uj k, it turns out that, for every n G N, {u nj f.}keH ^ s a Hilbert 
r n 2 

r N-l 

orthonormal basis for the space H n equipped with the inner product — (-, •)„, < A_ lu n k \ 

h n I ' ' J ken 

r N-l 

is a Hilbert orthonormal basis for the space V n equipped with the inner product — a n (-, ■), 

n 

and, for every fceN, u n ,k is an eigenvector of Q2. .5)) with eigenvalue \ n .k- 
Then, by applying Theorem V3.°A it follows that 

limA„ ifc = A fe , WkeN, 

n 

1 

< ife - u% strongly in H\{l a ), -^r< >fc - 4, ^ronafy zn ff 1 ^ 6 ), VA; G N, 
as i +oo, 

—D x ,u a n k -> 0' sironafy m (L 2 ^*))^" 1 , -t^t^m^ -> 0, s^ron^y m L 2 (ft b ), VA; G N, 

?"n h 2 r 2 

"-n ' n 

as n — > +oo ; where {\k}ken an d {( u % u k)}keN o,re given by Theorem \EM 

Proof of Theorem M .2l Theorem II .21 follows immediately from Remark 13.31 by arguing as 
in the proof of Theorem 11.11 at the end of Section |2l □ 

4 The case lim n = +00 

n W v_1 

For every n,keN, let A ni fc be as in Section El The aim of this section is to investigate the 
asymptotic behavior, as n — > +00, of {A ni fc}neN, under the assumption: 



h 



lim^ = +00. (4.1) 

n 

Indeed, in this case, only a partial result is obtained. Precisely, for N = 2, the limit eigenvalue 
problem is completely derived; while, for iV > 3, it is obtained only under the additional 
assumption: 

( h — a ...... 

n iu 6 ' ni 

(4.2) 



h n < -r 2 logr n , if AT = 3, 



h n < r 2 n , if N > 4. 



As in Section let ifo be the space H given in ()2.11|) equipped with the inner product 
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■, -]i defined by f)2. 12j) with q = 1. Moreover, let V^, be the space: 
v = ( v a ,v b ) G H\tt a ) x H 1 ^) : 



if iV = 2; 



(4.3) 



v a is independent of x', v b is independent of xjy, 
u«(l) = 0, v a (0) = 0, 

v b = on du | , 

= «<) G i/^O") x H 1 ^) : 
f a is independent of x 1 , v b is independent of xn, 
v a (\) = 0, v b = on a*;}, 

equipped with the inner product a\ defined by ()2. 14|) with q = 1. Remark that Voo is 
continuously and compactly embedded into H , with dense inclusion. 
Consider the following eigenvalue problem: 



if 3 < N: 



(4.4) 



U G V^oo, 

ai(u, v) = X[u, v]i, \/v e Voo, 
then, if (j4.1j) and ()4.2|) hold true, the following convergence result yields: 

Theorem 4.1. For every n G N, let {\ n ,k\km be an increasing diverging sequence of all 
the eigenvalues of Problem ( pQ^ -^ JjQ)) , and {"Un.fcjfceN be a H n -Hilbert orthonormal basis 

such that \ A \u n ^ \ is a V n -Hilbert orthonormal basis and, for every k G N, 
fceN 



an eigenvector of Problem \2. jjp -f- < TO)) eigenvalue \ n ,k- Assume ( POP , fl^.i| ) and, /or 
iV > 3 ; a/so (O- 

Then, there exists an increasing diverging sequence of positive numbers {\k}k&i such that 



lim A 



A fc , Vfc g N, 



and {AfcjfceN set of all the eigenvalues of Problem \4-<$ , \4-4\) - Moreover, there exists 

an increasing sequence of positive integer numbers {ni}i e ^ and an H^-HUbert orthonormal 
basis {uk = (1^, «k)}fceN (depending possibly on the selected subsequence {ni}^) such that, 
for every k G N, Uk G is an eigenvector of Problem \4-3j) , \4-$ , with eigenvalue \k, and 



u 



m,k 



u a k strongly in H (Q a ), 



1 1 1, 



ni TU b nuk ^u b k , strongly in H\Q b ), Wk G N, (4.5) 
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CLS % — > + 00. 



r 1 



D x ,u a nk ^ 0' strongly in (L (Q a )) 



\/k G N, 



1 hn 

JTT 9 XN u n,k strongly in L 2 (tt b ) 



1 jy-i "iCjv 
'% ^ 2 
' n 



as n — > +00. Furthermore, {X k 2 Uk}k^n is a V^-Hilbert orthonormal basis. 

Proof. We sketch the proof. 
It results that 



Un,k G ^n; 

dn{Un,k, V) = X n ,k{ U n,k, v)n, ^ v E K 



Vn, fceN, 



(4.6) 



(4.7) 



(u njk ,u njh ) n = 5 h}k , Vn,/c,/i, GN, (4.8) 

where o^fc is defined in ()2.21j) . 

By choosing v = u n ^ in f)4.7|) . and by taking into account ()4.8|) and Proposition 12.11 it 
follows that 



a n {u n ,k, «n,fc) = X n ,k{u n ,k, \fc)n = A„,fc < 2 fc /c 2 7T 2 , Vn, fc 6 N. 



(4.9) 



Consequently, by virtue of definition ()2.4|) of a n and of assumption (j2.1|) . and by using 
a diagonal argument, it is easily seen that there exists an increasing sequence of positive 
integer numbers {ni}^, an increasing sequence of no negative numbers {Afc}fc £ N, a sequence 
{uk = (Wfc,Mfc)} fegN C H 1 ^ 01 ) x H 1 ^) (depending possibly on the selected subsequence 
{rij}j g N), with u a k independent of x' , u k independent of xn, u k (1) = 0, u\ = on du, 
and a sequence {(6fe,£fc)} fe6N C (L 2 (fi a )) 7V - 1 x L 2 (Q b ) (depending possibly on the selected 
subsequence {nj} ieN ) such that 



lim\ n ^ k = X k , V/c G N, 



(4.10) 



* u a 



n,i,k 



u a k weakly in fP(fi a ) and strongly in L\Vt a ) 



h 2 

xli u n . k — u b k weakly in H 1 (£l b ) and strongly in L 2 (Vl b ) 



-D x >u«^t a k weakly in (L 2 ({l a )) 



VA; G N, 



(4-11) 



Wk G N, 



1 n; 

h ^ 

n ni r 2 



(4.12) 



x^X,^ a weakly in L 2 (Q b 



as i — > +oo. 
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To obtain u k G V^, for every k G N, it remains to prove that 



w «(0) = 0, VkeN, if JV = 2. 



(4.13) 



By virtue of the first line in (|4.11|) and of the fact that u^ ik (x', 0) = u^. k (r ni x', 0) for x' 
a.e. in cu, for obtaining (|4.13|) . it is enough to prove that 



lim f u b niik (r ni x',0)dx' = 0, \/k G N. 



(4.14) 



By taking into account that u n k — > strongly in H (Q ) and that 



JV-1 1 
2 

n ■ 



< cr n 2 h 2 



L 2 (Q b ) 



by adapting the the proof of (2.4) in j^j, limit ()4.14j) can be achieved, if iV = 2. 
By choosing in (|4.7jl . written with n = Hi, 

in uy]e h 1[, 
in wx]0,£j[, 



v = < 



Af-l 

—v [r ni x ) 



h - 



S; 



AT-l 
. 2 



«i 6 



with G C™{u) and {^ijieN c]0, 1[, it results that 

" Ei 1 



in Q b 



N-l 
, 2 




hi ■Wo r n . 



D x m^ k {D xl v b ){r n X) £ -^-^ - d XN u a nuk v\r ni x')Ux + 

Si Si 



1 

h 2 



Q b r 2 



=T D x'U n . jk D x ,l 



N-l 

r i1i 



hi Wo 




Si 



u m,k v (V ) dx + A 



i 

„, / J^ul ^dx, VzGN, VA;GN. 



Consequently, by passing to the limit as i — > +oo, and by making use of (|4.1|) and (|4.1Uj) -f- (|4.11|) . 

one achieves 

/ D x ,u b k D x ,v b dx' = X k I u b k v b dx', Wv b G H%(u), \fk G N, (4.15) 

J U) J UJ 



r N-l 

if the sequence {£j}j g N has been chosen such that lim^ = and — << £j. 
Assume now N = 2. 

f w a in fl 

By passing to the limit, as n, : — > +oo, in ([4.7)1 . with t> = < in fl' 

i?o(]0, 1[), and by making use of (|4.1U|) and of the first line of (|4.11j) . it turns out that 



b and v a G 



M f d XN u a k d XN v a dx N = A fc M f u a k v a dx N , Vv a e H%Q0,1[), Wk G N. (4.16) 
Jo Jo 
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By adding ()4.15j) to ()4.16jh one obtains that 

Uk g Foo, 

VA; G N. (4.17) 

«l(«fc, u) = A fc [w fc , \/v e V^, 

if AT = 2. Finally, by passing to the limit, as n« — > +00, in (|4.8)1 . and by making use of (j4.11|) 
and (|4.17|) . it turns out that 

_i _ 1 

ai(A fc 2 M fc , A h 2 M fe ) = [u k ,u h )i = 5 h:k , Vk,heN. (4.18) 
Moreover, by arguing as in the proof of Theorem 12 .5| one proves that 

limA fc = +oo. (4.19) 

k 

Now, assume iV > 4. 

Let {y? n }neN C C^IR^ -1 ) be a sequence such that, for every n G N, <p n — 1 in {V G 
E iv-i . < ^ ^ = o in r n-i _ j x / G E JV-i . < 2rn } ) {y, n } neN C C\{x' G M^ 1 : 

r. < M < *.», < < 1, / |^„| W = of-, where c is a eonstant 

i{x'eR' v - 1 :r„<|a;'|<2r„} 

independent of n, but dependent on N — l (for the existence of such sequence, see Proposition 
3.1 in 0). 

v a in f2 a , 



Now, by passing to the limit, as n, — > +00, in ()4.7j) . with t> = | 



^(O')^(t) in ^ 



and f a G i/ 1 (]0, 1[), t> a (l) = 0, where d = dist(0',du), and by taking into account the 
additional assumption (|4.2j) . it is easily seen that 



Li) 



[ d XN u a k d XN v a dx N = \uo\X k f u a k v a dx N , Vv a eH\]0,l[), WkeN. (4.20) 
Jo Jo 



By adding (g~H]) to (ETToT) . one obtains (H7T7|) (and consequently (UTTHl) and (gjg) ), if 

4 < N and r^~ l < /i n < r 2 . 

If A^ = 3, one obtains ()4.20|) by arguing as above, but by choosing ip n such that, for every 
n G N, <p n = 1 in {z' G M^" 1 : < r n }, y? n = in R N ^ - {x' G R N ^ : |x'| < ^r^}, 

Wn}neN C C\{x> G IR^- 1 : r n < \x'\ < ^}), < ip n < 1, [ \Dip n \ 2 dx' = 

J{x , eM. N -hr n <\x'\<y/fZ} 

— c(logr n ) _1 , where c is a positive constant (for the existence of such sequence, see Proposi- 
tion 3.1 in 0), and r 2 <C h„ <C — r 2 logr n . 

The identification of u k remains an open question when A^ > 3 and assumption (|4.2j) is 
not satisfied. 

Let, now, A^ = 2, or A^ = 3 and r 2 < h n < -r 2 logr n , or A^ > 4 and r^~ l < h n < r 2 . 
As in Step 2 of the proof of Theorem 12 .5[ by arguing by contradiction, one can show that 
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there not exist (u, A) G x K satisfying the following problem: 

U G Voo, 

ati{u,v) = A[w,v]i, Vf G Kjo, 
[TI,Ufc]i = 0, VA; G N 



(4.21) 



k [u,u]i = 1. 

Precisely, assume that there exists (u, A) G x R satisfying (j4.21j) . Let k G N be such that 

A< Xj, 

and, for every n6N, let ip n be the solution of the following problem: 

<p n G V n , 



N-l 
. 2 



a n ((fn, v) = \[ \u a , -^u b I , V ) , Vf G K, 



where w = (v?, u ). Then, it is easy to prove that 



<p a n -± u a weakly in H l (n a ), -^r^n ^ ^ w eakly in H\Q b ) 



as n — > +oo. Then, by proceeding as in the proof of Step 2 of Theorem 12.51 one reaches a 
contradiction. 

To complete the proof, one can argue as Step 3 of the proof of Theorem 12.51 □ 

Proof of Theorem M.OA Theorem 11.31 follows immediately from Theorem 14.11 by arguing 
as in the proof of Theorem 11.11 at the end of Section |21 □ 
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